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Despite often being dismissively described as exhibiting conventional Fermi-liquid-like behaviour,
heavily overdoped high-Tc cuprates sport several unexpected features. Thermodynamic properties
expected to be roughly constant with doping decrease towards zero, signalling that a growing fraction
of carriers remain in the normal state below Tc. Near Tc, the superconducting energy gap fills in
with temperature, contrary to the expectations of BCS theory. Most recently a transition in the
Hall number of some cuprates was found to extend to a very high doping (x ≈ 0.27), far beyond the
pseudogap critical point identified by a peak in thermodynamic properties (x = 0.19). This presents
a challenge to the view that the pseudogap is a consequence of Fermi surface reconstruction. In
this paper we present a consistent explanation for all these observations by combining pair-breaking
scattering with a Fermi surface reconstruction model for the pseudogap. Notably, an increase in
pair-breaking with doping leads to a separation of the points where reconstruction begins and the
thermodynamic properties peak. This result highlights pair-breaking as an essential ingredient in
the electronic recipe for heavily overdoped cuprate superconductors.
I. INTRODUCTION
The underdoped regime of the cuprate phase diagram
is frequently explored because of its rich selection of ex-
otic phenomena, including the pseudogap1,2, supercon-
ducting fluctuations3,4 and spin/charge ordering5–8. In
contrast, the heavily overdoped regime, not easily ac-
cessed in many cuprates, has largely been considered
the realm of conventional Fermi-liquid-like behaviour9,10.
It is here that we encounter familiar features such as
T -squared resistivity11,12 and a large predictable Fermi
surface13–17. Yet even here, the superconducting phase
is host to unusual features which could potentially be
important for an ultimate understanding of high-Tc su-
perconductivity.
As doping, x, increases towards the edge of the super-
conducting phase where Tc(x)→ 0: i) A growing fraction
of carriers in the ground state remain normal (i.e. they
do not join the condensate). This is evidenced by spe-
cific heat18–22, NMR23, magnetic penetration depth24–29
and THz spectroscopy30 measurements. ii) The jump in
specific heat at Tc and the superfluid density at T = 0
decrease towards zero (a consequence of i)) iii) As tem-
perature increases to Tc, angle-resolved photoemission
spectroscopy (ARPES)31–33, tunneling34–36 and Raman
spectroscopy37,38 experiments have revealed that the su-
perconducting gap fills-in rather than closes. This is at
odds with BCS theory39, even though the ratio of the
gap magnitude to Tc is close to the d-wave weak-coupling
BCS value22,40. iv) A recent preprint reports that in
some cuprates the Hall number (a measure of the carrier
density) only just completes a more gradual transition
from x to 1 + x41, challenging a proposition42 that it is
tied to the normal-state pseudogap whose effects typi-
cally vanish at a postulated critical point slightly above
optimal doping2,43.
Can these observations be reconciled? i), ii) and iii)
can be linked by pair-breaking, but iv) presents a chal-
lenge to ii). Namely, if the pseudogap were to close at
a higher doping, as suggested by the Hall number, then
we would expect the specific heat jump and superfluid
density to increase up to that point. In this paper we
will show that the opposite is in fact possible. Our hy-
pothesis is that pair-breaking is the dominant factor in
the overdoped regime. We will address the Hall number
first before continuing to the specific heat and superfluid
density.
II. HALL NUMBER
In 2016 the author showed that Fermi surface recon-
struction models involving nodal hole-like pockets and
antinodal electron-like pockets would result in a transi-
tion in the Hall number from 1 + x to x42. One of these
models, proposed by Yang, Rice and Zhang (YRZ)44,
displayed remarkable agreement with measurements on
YBa2Cu3O7−δ (YBCO)
45, without any adjustment. Be-
cause the onset of this transition coincides with the in-
dependently determined pseudogap critical point at x
= 0.192,43, this result supports the view that the pseu-
dogap originates from Fermi surface reconstruction. In
YBCO the transition occurs over a narrow doping range
0.19 > x > 0.16 According to the models, this is where
the electron-like pockets are present on the Fermi surface,
though they have not yet been observed directly.
The present study is motivated in part by recent
measurements of the Hall number on Tl2Ba2CuO6+δ
(Tl2201) and Pb/La-doped Bi2Sr2CuO6+δ (Bi2201)
4146
which show a more gradual transition than YBCO, with
the decrease in Hall number beginning at a much higher
doping near x = 0.27 and ending near 0.19. As shown
earlier42, in the models it is possible to tune onset and
slope of the transition by altering the doping dependence
of the pseudogap energy parameter Eg(x). So in fig. 1(e)
we plot the Hall number nH from YRZ using the same
approach as before42, but with the pseudogap opening
below x = 0.27 according to Eg(x) = 1.167t0(0.27 − x).
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FIG. 1. (Color online) (a) to (d) Spectral weight at the Fermi
level (red=1, blue=0) calculated from the YRZ model for x
= 0.18, 0.20, 0.26 and 0.28. (e) Calculated zero-temperature
Hall number vs doping (circles) compared with measured val-
ues for Tl2201 (squares) from ref. 41. The measured Tc phase
curve from ref. 41 is also shown. Vertical lines mark the dop-
ing values of panels (a) to (d). (f) Doping dependence of the
pseudogap Eg, superconducting gap ∆, and chemical poten-
tial µp used in the YRZ calculations, tailored to Tl2201. t0 is
the unrenormalized nearest-neighbour hopping parameter.
(Eg(x) and the chemical potential µp(x) are plotted in
fig. 1(f).) This produces a good match with the data
(also plotted, sans error bars). For reference, the Fermi
surface is plotted for selected doping values showing the
evolution with decreasing doping from a large hole-like
barrel in fig. 1(d), to electron- and hole-like pockets in
(c) & (b), and finally to a small hole-like pocket in (a).
The existence of electron-like pockets in this doping range
of Bi2Sr2CuO6+δ was actually predicted by the author in
201347. In that work, it was proposed that electron pock-
ets were responsible for an undulation in the T -dependent
thermoelectric power seen at δ = 0.13 and 0.14, corre-
sponding to a doping of x ∼ 0.2548.
But there is a problem. In the case of Tl2201 x = 0.27
is far beyond the pseudogap critical point as inferred from
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FIG. 2. (Color online) (a) Measured specific heat of over-
doped Tl2201 with the normal state subtracted (solid lines)
from ref. 49. Dashed lines show mean-field curves calculated
for ∆/kBTp = 2.5 with constant pair-breaking scattering. (b)
Pair-breaking scattering rate extracted from the data in (a).
Dashed lines correspond to the mean-field curves in (a). The
inset shows the minimum value of Γpair vs Tc (estimated by
the peak in specific heat). Arrows indicate increasing doping.
measurements of superfluid density (≈ 0.19)25, to be dis-
cussed later. Furthermore, the presence of a pseudogap
up to x = 0.27 seems to be at odds with the specific heat
jump which decreases with x in that region18,19,49, which
we will investigate next. Naturally, this raises the ques-
tion as to whether Fermi surface reconstruction is still an
appropriate interpretation of the doping dependence of
the Hall number. Note that several alternative explana-
tions for the Hall number have been proposed50–58. But
given that models such as YRZ account for many other
observed properties47,59–63, it seems premature to aban-
don them before considering other contributing factors.
One of those factors is pair-breaking.
III. SPECIFIC HEAT
In cuprates that can be overdoped to the edge of
the superconducting dome the jump in specific heat
coefficient at Tc, δγ(Tc), decreases with doping, and
the residual term at low temperatures, γ(0), increases.
3Examples include Tl220118,19,49 (see fig. 2(a)) and
La2−xSrxCuO4
20–22. Together these features indicate
that some of the carriers are not participating in super-
conductivity. A similar trend is found by NMR where, in
the superconducting state, the normalized residual den-
sity of states (DOS) at the Fermi level increases remark-
ably beyond x ∼ 0.2023. A compilation of these results
can be found in fig. 5(b) of ref. 22. (Note that below
x ∼ 0.19 the jump size also decreases, but this is ac-
companied by small residual values64, and implies the
existence of a normal-state pseudogap21.)
In this section we will analyse the specific heat of
Tl2201 using the two-lifetime phenomenological self-
energy proposed by Norman et al.65
Σ(k, ω) = −iΓsingle +
∆2(T )
ω + ξ(k) + iΓpair(T )
(1)
Γsingle is a single-particle scattering rate and Γpair is a
pair-breaking scattering rate. The method is the same
as used previously on optimally-doped Bi2Sr2CaCu2O8+δ
(Bi2212)66. In essence we assume a suitable temperature-
dependent superconducting gap ∆(T ), and then find the
Γpair(T ) that reproduces the observed specific heat. Here
we take a rescaled d-wave BCS gap with magnitude ∆0 =
2.5kBTp (slightly higher than the weak-coupling value of
2.14kBTp), that opens at the onset of superconducting
fluctuations at Tp > Tc. For simplicity we will assume
that Γsingle = 1 meV is negligible compared with Γpair .
The specific heat data of overdoped Tl2201 repro-
duced from ref. 49 is shown in fig. 2(a). For compari-
son dashed curves show the specific heat calculated with
a constant Γpair for the highest and lowest doping val-
ues. These show a mean-field-like jump extending up to
the onset of the fluctuations. The larger is Γpair , the
greater the residual specific heat. Figure 2(b) shows the
temperature-dependent Γpair curves that reproduce the
data in (a). Ignoring the upturns at low-temperature
which reflect the small impurity-induced upturns in the
specific heat data, there does seem to be an increase
in the base value of Γpair with doping. The inset to
(b) shows that the minimum value increases as Tc (es-
timated from the peak in specific heat) goes to zero.
As found previously66, near Tc the pair-breaking scatter-
ing rate diverges, reflecting superconducting fluctuations,
and is responsible for the gap-filling behaviour observed
in ARPES31–33, tunneling34–36 and Raman37,38 spectro-
scopies.
So a T - and x-dependent Γpair accounts for points i),
ii) and iii) in the introduction. Can the pseudogap open
under these circumstances, thereby reconciling point iv)?
To answer this question we incorporate the self energy (1)
into the YRZ Green’s function as follows
G(k, ω) =
∑
α=±
Wα
k
ω − Eα
k
+ iΓsingle −
∆2
k
(T )
ω + Eα
k
+ iΓpair
(2)
where, following ref. 42, we have dropped the x-
dependent Gutzwiller prefactor. E±
k
are the upper and
lower branches of the YRZ-reconstructed dispersion,
E±
k
=
ξk − ξ
0
k
2
±
√(
ξk + ξ0k
2
)2
+ E2g(k) (3)
and W±
k
are corresponding the weight factors
W±
k
=
1
2

1± (ξk + ξ0k)/2√
[(ξk + ξ0k)/2]
2 + E2g(k)

 (4)
ξk = −2t(x)(cos kx + cos ky) − 4t
′(x) cos kx cos ky −
2t′′(x)(cos 2kx + cos 2ky) − µp(x) is the tight-binding
energy-momentum dispersion and ξ0
k
= −2t(x)(cos kx +
cos ky) is the nearest-neighbour term. The tight-binding
coefficients are the same as before42. The pseudogap is
Eg(k) = Eg(x)(cos(kx) − cos(ky))/2 and the supercon-
ducting gap is ∆k(T ) = ∆(x)δ(T )(cos(kx) − cos(ky))/2.
δ(T ) is the normalised d-wave BCS temperature depen-
dence. The pseudogap magnitude Eg(x) and chemical
potential µp(x) are taken from the Hall number calcula-
tions in the previous section. We also adopt a supercon-
ducting gap given by ∆(x) = 0.07t0[1.0−45.6(x−0.16)
2]
(shown in fig. 1(f)), to match the wider doping range
spanned by the observed Tl2201 Tc dome
41,67. The den-
sity of states is calculated from
N(ω) =
∑
k
A(k, ω) (5)
where the spectral function A(k, ω) = pi−1ImG(k, ω). Fi-
nally, the electronic specific heat coefficient γ(T ) is cal-
culated in the usual way from
γ(T ) = −2kB
∂
∂T
∫
[f ln f + (1− f) ln(1− f)]N(ω)dω
(6)
where f is the Fermi-Dirac distribution.
The density of states is plotted in fig. 3 for several
values of x with Γpair = 0.03t0. (For simplicity Γsingle
is set to a negligible value, = 0.001t0) The pseudogap
first appears as a depression at negative energies below
the superconducting coherence peak, and doesn’t impact
states in the immediate vicinity of the Fermi level. As a
result, the decrease in δγ(Tc) (with decreasing x) is not
locked to the onset of Fermi surface reconstruction54. As
doping reduces, the depression deepens and eventually
spans the Fermi level. This happens just below x = 0.2
and coincides with the lifting of the antinodal electron-
like pockets from the Fermi surface, as seen in figs. 1(a)
& (b), and the appearance of sub-gap structure68 in the
density of states (see fig. 3).
The resulting temperature-dependent specific heat co-
efficient is plotted in fig. 4(a) for x ranging from 0.28 to
0.13. With increasing doping, the residual low-T value
increases due to the decreasing ∆/Γpair ratio. Mean-
while the jump at Tc increases up to x = 0.23, before de-
creasing due to pair-breaking dominating over the closing
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FIG. 3. (Color online) Calculated density of states per spin
at T = 0 with pair-breaking scattering Γ0 = 0.03t0 for several
values of x. The downwards arrow indicates the pseudogap
in the x = 0.26 curve caused by the onset of Fermi surface
reconstruction. As doping decreases the pseudogap spans the
Fermi level which leads to sub-gap structure indicated by the
upwards arrow.
pseudogap. A more detailed treatment could include a T -
dependent Γpair to reproduce the tails on the jump from
fluctuations. As shown in fig. 4(b), the peak in δγ(Tc) can
be tuned by the value of Γpair. For example, if Γpair(x)
increases linearly from 0.01t0 at x = 0.19 to 0.03t0 at x
= 0.28, then δγ(Tc) traces the path of the dashed line,
which peaks nearer to x = 0.19. We note that a peak in
δγ(Tc) has not yet been observed in Tl2201 (as it difficult
to underdope), but it has in Bi220169.
So to answer our question, the addition of pair-
breaking makes it possible for the pseudogap to open,
while the specific heat jump at Tc increases. Remem-
ber that the Hall number is a normal-state property and
is unaffected by Γpair . Next we consider the superfluid
density.
IV. SUPERFLUID DENSITY
In the absence of the pseudogap and pair-breaking
we expect the superfluid density (proportional to
the inverse square of the penetration depth) to
scale with the normal-state carrier density. But
according to muon-spin rotation experiments on
Tl220124,25, Y0.8Ca0.2Ba2(Cu1−zZnz)3O7−δ and
Tl0.5−yPb0.5+ySr2Ca1−xYxCu2O7
70, the zero-
temperature superfluid density, ρs(0), peaks near x
= 0.19 before decreasing with further overdoping.
The resulting plot of Tc vs ρs(0) follows a so-called
“boomerang” trajectory26 back to the origin. The
anomalous scaling of ρs(0) with Tc and its eventual
decrease to zero with overdoping has also been studied
in great detail by mutual inductance experiments on
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FIG. 4. (Color online) Specific heat coefficient calculated
from the YRZ model using the parameters in fig. 1(f) with
pair-breaking scattering Γpair = 0.03t0. The arrow denotes
increasing doping. (b) Doping dependence of the specific heat
jump at Tc for Γpair set to 0, 0.01t0, 0.03t0 and Γpair(x) as
described in the text. The vertical dotted line marks the onset
of Fermi surface reconstruction.
LSCO thin films27–29. It can be shown that these results
are congruent with the boomerang plot71.
Like the specific heat, we will analyse the superfluid
density of LSCO using the two-lifetime model (1). Again,
the approach is the same as used previously for optimally-
doped Bi221266, and involves making a choice for the
∆(T ) and then finding the Γpair(T ) that reproduces
the data. A selection of T -dependent superfluid density
curves for overdoped LSCO29 (digitized from ref. 72) are
shown in fig. 5(a). They are approximately linear in T
and the low-temperature values scale roughly with Tc. A
d-wave BCS gap that opens at the onset of superconduct-
ing fluctuations was assumed for each curve, see fig. 5(b),
and the extracted Γpair(T ) curves are shown in the same
panel. These look similar to Γpair(T ) extracted from the
specific heat data in fig. 2(b). There is an increase in
low-T values with doping and a divergence near Tc from
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FIG. 5. (Color online) (a) Superfluid density measured on
overdoped LSCO from ref.29 The arrow indicates the direction
of increasing doping. (b) Assumed BCS superconducting gaps
(dashed), and pair-breaking scattering rates (solid) extracted
from the data in (a). (c) Specific heat coefficient calculated
using the parameters in (b).
fluctuations. Figure 5(c) shows the specific heat coeffi-
cient calculated from the parameters in panel (b). The
curves are a little noisy but display the same features
as the Tl2201 data, namely an increasing γ(0) and de-
creasing δγ(Tc). This demonstrates that the LSCO and
Tl2201 samples share a common phenomenology despite
their significant differences in crystal structure and mor-
phology.
Following the same pattern as the previous section, we
will now see if it is possible for the pseudogap to open
below x = 0.27 while ρs(0) increases. We insert the self
energy (1) into the YRZ anomalous Green’s function F
as follows
F (k, ω) = F+(k, ω) + F−(k, ω)
=
∑
α=±
Wα
k
∆k(T )/(ω + E
α
k
+ iΓpair)
ω − Eαk + iΓsingle −
∆2
k
(T )
ω + Eα
k
+ iΓpair
(7)
Again for simplicity Γsingle is set to a negligible value,
= 0.001t0. Generalizing the expression for the superfluid
density73 for the two branches of the YRZ dispersion, we
have
1
λ2(T )
=
16pie2
c2V
∑
k
∫
dω′dω′′ lim
q→0
[
f(ω′′)− f(ω′)
ω′′ − ω′
]
× [v+x B
+(k+q, ω′) + v−x B
−(k+q, ω′)]
× [v+x B
+(k, ω′′) + v−x B
−(k, ω′′)]
(8)
where B±(k, ω) = pi−1ImF±(k, ω) and the group veloci-
ties of each branch are v±x = ∂E
±
k
/∂kx.
Figure 6(a) shows the temperature-dependent super-
fluid density ρs(T ) for Γpair = 0.03t0 and x ranging from
0.28 to 0.13. With decreasing doping, ρs(0) increases up
to about x ∼ 0.255 before succumbing to the pseudogap
and decreasing. In contrast to the specific heat jump,
the peak in ρs(0) is barely shifted from x = 0.27 where
the pseudogap opens. The effect of Γpair is shown in
fig. 6(b). In order for ρs(0) to peak near x = 0.19, Γpair
would need to decrease down to x = 0.19. This is illus-
trated by the dashed line which shows the effect of Γpair
decreasing linearly from 0.03t0 at x = 0.28 to 0.01t0 at x
= 0.19.
V. DISCUSSION
In this section we discuss the findings and pose some
questions for future investigation. We have analysed the
specific heat and superfluid density data of overdoped
cuprates using an ansatz for the self energy, focussing
on the effect of the pair-breaking scattering rate Γpair.
From this we have deduced that Γpair increases with
doping beyond x ∼ 0.2. This is responsible for the
decrease in zero-T superfluid density and specific heat
jump at Tc, as well as the increase in residual specific
heat. The divergence of Γpair near Tc reproduces the
smooth tails associated with fluctuations. What is the
origin of Γpair? Assuming that pair-breaking at T = 0
and near Tc share a common origin, then the interactions
that give rise to pair-breaking become gapped below the
pairing temperature Tp. At low temperature, the inter-
actions become less gapped in the strongly overdoped
regime, which coincides with a weakening of the pairing
strength and reduction in superconducting gap magni-
tude. A possible candidate for these interactions is the
spin fluctuation spectrum. Inelastic neutron scattering
studies show a suppression of antiferromagnetic spectral
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FIG. 6. (Color online) (a) Superfluid density calculated from
the YRZ model using the parameters in fig. 1(f) with pair-
breaking scattering Γpair = 0.03t0. (b) Doping dependence
of the superfluid density at T = 0 for Γpair set to 0, 0.01t0,
0.03t0 and Γpair(x). The vertical dotted line marks the onset
of Fermi surface reconstruction. The units are e2t0Np/~
2c2d
where Np is the number of CuO2 planes per unit cell, and d
is the c-axis lattice parameter.
weight with overdoping74,75. How can we further under-
stand the pair-breaking? One approach is to look for a
momentum dependence. An ARPES study on Tl2201 re-
ported increasing linewidth broadening (a measure of the
scattering rate) near the nodal regions of the Fermi sur-
face with doping76. Broadening around the nodes is con-
sistent with quantum critical fluctuations. Competing
ferromagnetic fluctuations have been proposed77,78 and
experimental evidence for79,80 and against81 such fluctu-
ations has been reported. It is important to note that an
alternative description of overdoped cuprates based dirty
on d-wave BCS theory has been proposed72,82, though it
has faced some rebuttal by others81,83.
By inserting Γpair into the YRZ model we have shown
that it is possible for Fermi surface reconstruction to be-
gin far beyond the doping at which the thermodynamic
properties peak. This reconciles the seemingly conflict-
ing observations in Tl2201 of a decreasing Hall number,
below x = 0.27, and an increasing δγ(Tc) & ρs(0). At
the onset of the reconstruction the pseudogap only af-
fects a small number of occupied states below the super-
conducting gap edge, and so the thermodynamic prop-
erties are governed by pair-breaking. Near 0.19 where
Γpair is small, the growing pseudogap spans the Fermi
level, becoming the dominant influence and weakening
superconducting properties. It is here that the antinodal
electron-like pockets lift away from the Fermi surface.
Could Γpair be linked to these pockets? Though perhaps
coincidental, it’s interesting to note that residual specific
heat increases near 1/8th doping64,84 where the presence
of other electron-like pockets has also been inferred85.
But there are problems with this idea. Firstly an in-
crease in broadening near the antinodes disagrees with
the observed nodal broadening mentioned above. Sec-
ondly, the doping range over which the electron pockets
are present seems to be material-dependent and, as in
the case of YBCO45, can be quite narrow.
Observing the electron pockets directly will be dif-
ficult because only one side has appreciable spectral
weight. Figure 1(c) shows that the Fermi surface for x
= 0.26 could easily be mistaken for an unreconstructed
Fermi surface. The distinguishing feature is a small re-
gion of reduced spectral weight slightly inboard of the
zone boundaries (where the red and blue lines appear
to cross). It has been noted by the authors of ref. 86
that such features are visible in ARPES measurements on
overdoped Tl220115. They also calculated the expected
quasiparticle-interference maps, however experimentally
measured maps87 are not clear enough to draw a firm
conclusion on the presence of the pockets.
What triggers the Fermi surface reconstruction? The
onset doesn’t appear to be universal. In YBCO it is
near 0.1945, 0.23 in La1.6−xNd0.4SrxCuO4
88 and 0.27 in
Tl2201 & Bi220141. It has been noted that a hole-like
(unreconstructed) Fermi surface seems to be required89.
In other words, the Fermi level must be above the saddle-
point van-Hove singularity. Perhaps a self-consistent
treatment can identify a connection with band-structure
parameters as was done in the case of s-wave supercon-
ductivity with charge-density-waves90. A self-consistent
formalism for the two gaps in the YRZ model does
exist91. But we also note that, although we have em-
ployed the YRZ model here, similar results can be ex-
pected from the antiferromagnetic Q = (pi, pi) zone-
folding reconstruction model42,92.
Looking across the phase diagram, the following sum-
mary can be made. In the underdoped regime there
is a loss of normal states. The superconducting gap is
large but it is truncated by a small Fermi surface. Pair-
breaking is small. In the overdoped regime some states
are normal below Tc. The Fermi surface is large but the
superconducting gap is small. Pair-breaking here plays a
significant role.
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